A step feature in the inflaton potential can model a transient breakdown of slow-roll inflation. Here we generalize the step feature to include space-dependence, allowing it also to model a breakdown of homogeneity and isotropy. The space-dependent inflaton potential generates a classical curvature perturbation mode characterized by the wavenumber of the step inhomogeneity. For inhomogeneities small compared with the horizon at the step, space-dependence has a small effect on the curvature perturbation. Therefore the smoothly oscillating quantum power spectrum predicted by the homogeneous step is robust with respect to sub-horizon space-dependence. For inhomogeneities equal to or greater than the horizon at the step, the space-dependent classical mode can dominate, producing a curvature perturbation in which modes of wavenumber determined by the step inhomogeneity are superimposed on the oscillating power spectrum. Generation of a space-dependent step feature may therefore provide a mechanism to introduce primordial anisotropy into the curvature perturbation. Space-dependence also modifies the quantum fluctuations, in particular via resonance-like features coming from mode coupling to amplified superhorizon modes. However these effects are small relative to the classical modes.
I. INTRODUCTION
Most models for the origin of the primordial density perturbation are based on a slowly-rolling, homogeneous inflaton field. However, in view of our incomplete understanding of physics at the energy scales of inflation, combined with the increasing precision of cosmic microwave background (CMB) observations, it is important to consider other possibilities for the origin of the primordial density perturbation. Various alternatives to the orthodox scenario have been considered, including features in the inflaton potential [1, 2, 3, 4, 5, 6] , transient effects of a pre-inflationary era [7] , and trans-Planckian signatures [8] . In particular, a transient departure from slowroll inflation has been considered, modelled by step feature in the inflaton potential [1, 2, 3, 4] . Here we will consider a more general possibility: a transient departure from homogeneity and isotropy in addition to slow-roll, modelled by an inflaton potential which is space-dependent during the step.
The step feature considered in [1, 2, 3, 4] was originally motivated by the idea that a second scalar field ψ could couple to the inflaton φ and undergo a phase transition. The phase transition is triggered by the inflaton field in a manner similar to the transition of the waterfall field of hybrid inflation models [9, 10] . The ψ field acquires a tachyonic mass and undergoes a phase transition towards the φ-dependent minimum of its potential. The energy density as a function of φ will then decrease until ψ reaches its φ-independent minimum. The effect of this step down in energy density as a function of φ is modelled by a step feature in the single-field effective potential for φ. However, this reasoning also suggests that the step feature can have a space-dependence. Hybrid inflation-type phase transitions commonly proceed via tachyonic preheating [11] , where tachyonic amplification of sub-horizon quantum * Electronic address: r.lerner@lancaster.ac.uk † Electronic address: j.mcdonald@lancaster.ac.uk fluctuations of ψ results in an inhomogeneous energy density [11, 12] . In this case we expect the energy density as a function of φ to be space-dependent during the step. Therefore if a step feature can qualitatively model the effect of a phase transition on the inflaton, a space-dependent step feature is equally well-motivated.
Regardless of any specific motivation, a space-dependent step feature can also be considered as a purely phenomenological model for a transient breakdown of homogeneity and isotropy. The issue then is how the space-dependence generically modifies the curvature perturbation relative to the homogeneous step.
Our paper is organised as follows. In Section II we introduce and discuss the space-dependent step model. In Section III we derive the equations for the classical and quantum modes. In Section IV we solve these equations for their effect on the curvature perturbation. In Section V we discuss our conclusions.
II. A SPACE-DEPENDENT STEP FEATURE
In order to study how space-dependence alters a homogeneous step model, we will focus on the well-known φ 2 chaotic inflation step of [1, 3, 4] . The potential of this model is given by
where b is the value of φ at which the step occurs, d parameterizes the duration of the step and c parameterizes the height of the step. We generalise this by adding a space-dependent term which modulates the step,
where
The factor g(φ) parameterizes the magnitude and rate of dissipation of the inhomogeneities in the step, where φ(t) is the classical background field. This corresponds to a lattice of inhomogeneities of characteristic length scale λ L = 2π/k L . Although approximately isotropic, a degree of anisotropy is inevitable once inhomogeneity is introduced. In practice, in order to simplify the numerical analysis, we will consider an inhomogeneity which is planar in form, varying only in the k L direction,
In Appendix A we show that the mode equations for the planar inhomogeneity are similar to those of the approximately isotropic inhomogeneity of Eq. (2). The second term in Eq. (4) effectively replaces c with a space-dependent height for the step, c(1
). We will consider the case where the inhomogeneities exist over the duration of the step and the variation of the height of the step with x is approximately c F , which can be modelled by setting
where we assume c F ≤ c. This rapidly tends to zero for |φ − b| > d. Note that we only use the background field in g(φ) since here φ serves only to parameterize the time-dependence of the inhomogeneities and is therefore not a quantum field.
III. MODE EQUATIONS FOR THE CLASSICAL AND QUANTUM MODES
There will be two contributions to the curvature perturbation from the space-dependent step. First, since the classical inflaton field is rolling in a space-dependent potential, it will acquire a classical spatial mode of initial wavenumber equal to the inhomogeneity wavenumber k L . Second, there will be quantum fluctuations of the inflaton amplified by the step as in the homogeneous case, but with additional features due to the space-dependence of the step.
To study the combined metric and field perturbations, we introduce the Mukhanov variable u = −zR , where z = aφ/H and R is the curvature perturbation [13] . The spacedependence of the inflaton is defined to be entirely in the perturbation u(x, τ) about the homogeneous background. The action for u in the absence of the space-dependent potential is then [13] 
where indices are with respect to conformal time τ and comoving coordinates x, and
In this primes denote derivatives with respect to τ and φ = φ(t). Note that φ is treated as constant in the derivatives of V step but is subsequently set equal to φ(t). Eq. (5) is of the same form as for a real scalar field in flat space with a time-dependent mass squared m 2 u = −z ′′ /z. When the spacedependence is included, the effect is to modify the last term
We then derive the equations for the modes including spacedependence. Expanding u(x, τ) in classical modes
and substituting into the equation for u(x, τ) with the spacedependence included,
we obtain a system of coupled equations for the classical mode functions
The last term, which applies only to the modes with k = ±k L , is due to the rolling of the inflaton in the space-dependent potential, which creates a classical inflaton mode with k = ±k L .
To quantize the modes, we will consider the action S without the linear term in u. The linear term only affects modes which are integer multiples of k L . Therefore we can consider the modes with k = nk L to be entirely quantum in origin and due to the terms in the action which are quadratic in u, while the modes with k = nk L can be either quantum or classical, depending on which contribution is dominant.
At times well before and after the step when the space dependence is effectively zero, the field may be expanded in terms of creation and annihilation operators with respect to the vacuum at an initial time, defined as N i e-foldings before the end of inflation,
The field operator u(x, τ) and its canonical conjugate π(x, τ) = u ′ (x, τ) satisfy the usual equal-time commutation relations and
Hamiltonian field equations. The quantum modes for k = nk L satisfy Eq. (10) without the last term.
It is not immediately obvious that the quantum mode functions will satisfy the classical field equations. In the case without space-dependence, when substituting Eq. (11) into the classical field equation, the creation and annihilation operators factor out. Including the space dependence introduces mode mixing and means this is no longer true. However, by performing a unitary transformation to new canonical coordinates and conjugate momenta, it is shown in Appendix B that the latetime solutions for the quantum modes u k are indeed the solutions of the classical mode equations Eq. (12) obtained using the quantum mode initial conditions. The initial conditions are obtained assuming a massless field with the modes of interest initially well within the horizon (k 2 ≫ a 2 H 2 ), giving
where θ k is a random phase. There will also be quantum contributions to the modes at k = nk L . In this case we assume that the larger of the classical and quantum contributions dominates.
We have included a phase θ k for each mode. In the case without space-dependence this phase has no physical effect and is usually set to zero. However, as we have shown, spacedependence implies that different modes couple, in which case the phases will affect the solutions for u k (τ). In absence of phases, the quantum mode solutions u k would generate an ensemble of classical universes with the classical field mode probabilities determined from a Gaussian distribution with mean value |u k | [14] . We would then interpret the observed Universe as one of the ensemble of possible classical universes. When we include the initial phases and mode mixing at the step, each set i of initial random phases will generate a distinct solution for the modes at late times, u k, i . Each of these solutions should be thought of as producing a distinct set of classical states which contributes to the total ensemble of classical states. Measurement of the state of the universe at late times will then select out a classical universe related to the solution u k, i for one particular set of initial phases. Therefore in the following we will compute results for one set of random initial phases θ k .
IV. NUMERICAL SOLUTION OF THE MODE EQUATIONS (i) Classical Modes
The space-dependence of the step potential will imprint a classical space-dependence on the inflaton of wavenumber k L . The coupling of the modes in Eq. (10) will then induce further classical modes of wavenumber nk L . In order to analyse these modes, we will expand the classical field as
which gives, on substituting into Eq. (9),
Note that u cl n (τ) shares the same dimensions with u(x, τ) but not with the quantum modes u k (τ). We will consider throughout the case of a mode In Figure 1 we show |u cl n /z| 2 for the case of a step with inhomogeneity wavelength equal to the horizon at the step, k L = aH| ST EP . (We plot k in units of aH| ST EP .) A series of classical modes are generated with wavenumber nk L . However, the secondary modes at n = 2, 3, ... are very much smaller than the n = 1 mode, which will dominate the curvature perturbation. The value of |u cl n /z| for this mode is slightly larger that the conservative limit following from the observed value of < R 2 >, |u cl n /z| < 10 −4 (the relationship between the modes and the curvature perturbation is discussed in Appendix C), and therefore makes a larger contribution to < R 2 > than the homogeneous step. In this case the features in the curvature perturbation power spectrum will be quite different from the homogeneous step, with domination by a single perturbation mode of wavenumber k L rather than the oscillations expected for the homogeneous step.
For smaller values of c F we find that the height of |u cl n /z| 2 decreases as c 2 F . Therefore if the spatial fluctuation of the step potential is significantly smaller than the homogeneous step in the potential, the effect of the classical modes will be negligible. However, for c F not too much smaller than c, the curvature perturbation will be a combination of an oscillating power spectrum of quantum origin plus a single classical mode at k = k L . In Figures 2 and 3 we show the effect of varying the length scale of the inhomogeneities relative to the horizon at the step. Figure 2 shows |u cl n /z| 2 for an inhomogeneity of wavelength equal to 0.1 times the horizon at the step. There is a dramatic reduction in |u cl n /z| by a factor of 10 −6 compared with the horizon-sized step. Since in the case of steps motivated by phase transitions we expect the inhomogeneities to be due to tachyonic amplification of sub-horizon quantum fluctuations, this suggests that for such steps the effect of spacedependence on the power spectrum will be negligible. This is an important conclusion, as it means that the oscillation features observed in [3] are a robust prediction of phase transitions during inflation, even if they are of the more complex tachyonic preheating type. In Figure 3 we consider the possibility that the space-dependence during the step is larger than the horizon. In this case we find a strong amplification of |u cl n /z| relative to the horizon-sized step. We conclude that the contribution of a classical spatial mode to the curvature perturbation is strongly dependent on its size relative to the horizon at the step. A significant contribution to the curvature perturbation is possible only if the size of the inhomogeneities is close to or larger than the horizon at the step. In this case we can expect to see a significant deviation from the smoothly oscillating power spectrum predicted by the homogeneous step feature. In particular, we expect the power spectrum will have a strong contribution from modes with wavenumber characterized by the inhomogeneity in the step. For the case of a less idealized step feature which is approximately isotropic and can be expanded as a range of modes with |k| ≈ k L , the curvature perturbation will be dominated by a range of modes with |k| ≈ k L rather than a single mode.
(ii) Quantum Modes
We next consider the purely quantum modes due to the quadratic terms in the action for u. It will be convenient to change variable to α = log(a), in which case Eq. (12) becomes
(16) φ(t) evolves according to
The subscript α denotes differentiation with respect to α. We have solved the system of equations Eq. (16), Eq. (17) and Eq. (18) for a range of values of k of interest. To do this we have used a system of seven equations for each k, corresponding to full equations for u k , u k±k L and u k±2k L , plus the equations for u k±3k L with the space dependence set to zero. Random values of the phase θ k were generated in order to study the effect of initial mode phases on the power spectrum. The initial conditions for the real and imaginary parts of u k at k 2 ≫ a 2 H 2 follow from Eq. (13) and are
where u k = u 1 k + iu 2 k . We solved for u k , and used this to calculate |u k /z| 2 and the primordial curvature perturbation power spectrum,
Although the power spectrum in the case of an anisotropic perturbation does not have a direct interpretation in terms of the mean squared curvature perturbation per logarithmic interval in k, we have plotted P R (k) with k ≡ k x in order to compare with the results for the homogeneous step [3] . As discussed in Appendix C, the more useful quantity for calculating the observed curvature perturbation is |u k /z| 2 , which we also plot. After the step has completed, the superhorizon modes grow proportional to z, so |u k /z| 2 is constant. It is in this limit that we calculate P R (k) and |u k /z| 2 for the superhorizon modes.
The two components of u k oscillate prior to leaving the horizon, with a frequency that increases as a −1 as we go to earlier times. The background field φ is initially slow-rolling and each mode is evolved from |k| >> aH to |k| << aH, The initial time for each mode is chosen differently in order to avoid the prohibitively small step size required for high frequency oscillations at very early times. A second-order Runge-Kutta algorithm was found to provide accurate solutions of the system of equations. Figure 4 shows the results for the case without spacedependence, c F = 0, which reproduces the results of [1] . In this and other figures we use c = 0.002, d = 0.01 and m = 2.5 × 10 −6 (in units withh = c = G = 1), where the value of m is determined by the COBE normalized value of P R . We consider the observable range of k to correspond to modes which leave the horizon from N = 60 to N = 50, indicated by the dashed lines, with the step centered at N = 55. The wavenumber which exits the horizon at the step occurs at the mid-point, k = 1 in units of aH| ST EP . Figure 5 shows the curvature perturbation power spectrum P R (k) with k = k x , for the case of a space-dependent step of wavelength equal to the horizon at the step (k L = 1). In Figure 6 we show the corresponding plot of |u k /z| 2 . There are two notable new features in the power spectrum. In addition to the oscillation feature of Figure 4 , we observe (a) sharp resonance-like features and (b) an apparent broadening of the spectrum relative to the line observed in the homogeneous case. (a) Resonances: The resonance-like features are found to occur at k = k L , k = 2k L and k = 3k L . We expect that had we used modes up to u k+nk L in the calculation of u k , we would observe n resonances, decreasing in magnitude as n increases. While having a large amplitude, the width of the resonances in k is very narrow, which greatly diminishes their effect on the curvature perturbation.
The origin of the resonance is the coupling of a mode u k to a much larger superhorizon mode u k−k L , where |k − k L | ≪ aH. Since the superhorizon growing mode has been strongly amplified, with u k−nk L ∝ z ∝ a since exiting the horizon, it provides a strong driving term in the u k mode equation, produc- Although resonance due to coupling to large superhorizon modes is a theoretically interesting consequence of the spacedependent step, we believe it will make a negligible contribution to the curvature perturbation compared to the classical modes with k = nk L . In Appendix C it is shown that a quantum resonance produces an effective classical mode given by
The dependence of |u k /z| 2 on k ′ is critical. If we integrate
Eq. (22) from a lower bound k
Therefore if s = 3, as our numerical results indicate, the logarithmic dependence on the cut-off will prevent a large enhancement as δk → 0. We generally expect a physical lower bound on δk to exist, corresponding to the largest unsuppressed superhorizon mode. For example, the amplitude of superhorizon modes in φ 2 chaotic inflation will become suppressed by effect of the finite mass term, while more generally the largest amplified mode will correspond to the mode exiting the horizon at the onset of inflation. In this case the logarithm in Eq. (23) can only enhance the prefactor by a few orders of magnitude at most. If s were significantly larger than 3 then a large enhancement might be possible as δk → 0. However, we find no evidence for s > 3 from our numerical results. From Figure 7 , assuming that |u k /z| 2 ∝ k ′ 3 for all k ′ ≥ δk, we find A 3 = 4 × 10 −14 and so for n = 1
For any reasonable value of δk this will be much smaller than the n = 1 classical mode and also much smaller than the observational upper bound of 10 −8 . (b) Broadening: The apparent broadening of the power spectrum is due to the random initial phases of the modes. For each value of k, the random phase produces a value of P R 1/2 (k) which is shifted either above or below the homogeneous result. In Figure 8 we show the same plot as in Figure 5 but averaged over many sets of initial random phases. Seen close up, the power spectrum is actually a series of discrete points, randomly above or below the mean spectrum, at values of k separated by the step size of the numerical solution. This can be seen in Figure 9 (a close up of Figure 6 for 1.75 × 10 −2 ≤ k ≤ 2.05 × 10 −2 ). There is no apparent correlation between P R for different values of k -it is a random scatter about the result for zero phase. This scatter is due to mode coupling, with each mode having a completely random initial phase. In the case of a homogeneous step there is no mode coupling, therefore the initial phases can be factored out of the mode equations and have no observable effect. We have produced solutions using several different sets of random initial phases and find no qualitative difference in the resulting power spectrum, although the detailed pattern of random fluctuations depends on the initial phases.
In practice, when translating the primordial power spectrum into physical observables, we average over the contributions of modes for a finite range of k. Since the random fluctuations will average out to zero over this finite range of k, it is likely that the observable effects will be indistinguishable from the case where all initial phases are set to zero (which is equivalent to averaging over many sets of initial random phases). However, the transient coupling of modes during the step may also lead to some correlation of the phases of the modes. This could generate non-Gaussanity in the curvature perturbation.
V. DISCUSSION AND CONCLUSIONS
In this paper we have been concerned with how spacedependence of the inflaton potential can manifest itself in the curvature perturbation.
A space-dependent step feature provides a model for a transient breakdown of slow-roll, homogeneity and isotropy during inflation. We have studied how the curvature perturbation of the well-known φ 2 chaotic inflation step feature of [3] is modified by space-dependence.
We find that the effect of space-dependence depends strongly on the size of the inhomogeneity in the step potential relative to the horizon at the step. The curvature perturbation can be dominated by the effect of the space-dependence if the inhomogeneities are close to or larger than the horizon, but their effect is strongly suppressed if the inhomogeneities are small compared with the horizon.
One motivation for step features is a phase transition occurring during inflation. If the phase transition was of the tachyonic preheating type, we would expect the step in the inflaton potential to be strongly space-dependent. However, the space-dependence would typically be on sub-horizon scales, coming from tachyonic amplification of sub-horizon quantum fluctuations. If the space-dependence is much smaller than the horizon, our results imply that space-dependence will have a negligible effect on the curvature perturbation power spectrum. Therefore the smoothly oscillating power spectrum expected for the homogeneous step is likely to be a robust prediction, typically unaffected by space-dependence during the phase transition.
We also considered the possibility that the spacedependence is on scales equal to or greater than the horizon at the step. In this case the curvature perturbation can be dominated by the effect of space-dependence. For the simple model of an anisotropic step with inhomogeneities of wavenumber k L , the curvature perturbation will have a single classical mode of wavenumber k L superimposed on the oscillating power spectrum from the amplification of quantum fluctuations during the step. As a result, the signature of space-dependent step features can be quite different from the smoothly oscillating power spectrum expected for a homogeneous step, with the curvature perturbation dominated by modes characterized by the wavenumber of the inhomogeneity.
The quantum modes are also modified by the effect of space-dependence and mode coupling. In particular, the quantum curvature perturbation has resonance-like features at integer multiples of the inhomogeneity wavenumber k L . These are due to coupling to strongly amplified superhorizon modes. Although the resonances appear large in a plot of the curvature perturbation power spectrum, they make only a very small contribution to the curvature perturbation compared with that from the classical modes, as a result of their narrow width. A second effect of mode coupling during the step is that the curvature perturbation becomes dependent upon the initial phases of the quantum modes, producing a scattering ('broadening') of the curvature perturbation modes as a function of k. However, this random scattering is likely to average to zero in any physical observable.
There may be other effects of a space-dependent step. One is that the transient coupling of modes during the step could induce some correlation between the phases of the modes, generating a degree of non-Gaussianity in the curvature perturbation. It has been shown that non-Gaussianity is generally produced by step features in single-field inflation models [15, 16] even in the absence of space-dependence. In addition, an oscillating potential may produce non-Gaussianity in subhorizon modes at the step [16] . It will therefore be important to establish if non-Gaussanity from space-dependence can be distinguished from these other sources. A second effect is that an anisotropic space-dependent step feature could provide a mechanism to generate primordial anisotropy in the curvature perturbation. It has recently been claimed that there is a large scale statistical anisotropy in the observed CMB [17] . One explanation of this is the existence of a large superhorizon mode in the curvature perturbation along a particular direction k [18] . This would require a mechanism to break isotropy and to amplify a single mode. Generation of an anisotropic space-dependent step of wavenumber k L would be one way to introduce such a feature into the curvature perturbation, with modes with k ≈ k L being generated by the step. Although an inflaton field cannot account for the observed anisotropy without introducing too much CMB inhomogeneity, a slowly rolling curvaton field with a space-dependent step in its poten-tial might be able to [18] 1 . A method of checking the presence of large scale anomalies in the observed CMB temperature has been suggested in [20] . The polarization-temperature correlations presented there could be a way to test the step feature presented in this paper.
In our analysis we have considered mode equations for an anisotropic planar inhomogeneity in the step potential. In this appendix we generalise the mode equations to the case of an approximately isotropic distribution of inhomogeneities. In this case the step potential is given by
This corresponds to a 3-D 'lattice' of inhomogeneities of diameter 2π/λ L . Strictly speaking this also violates isotropy, but far more weakly than the planar inhomogeneity. Following the same steps as before, the classical mode equations are now given by
The qualitative behaviour of the solutions of Eq. (A-2) is expected to be similar to the case of the planar inhomogeneity described by Eq. (10), with the difference that each mode now directly couples to eight other modes rather than two. In particular, we expect that resonant behaviour will still occur for any mode k such that |k ± k i L | is small for i = 0, x, y or z.
The term linear in u drives the growth of the modes with k = ±k L and the modes with k = nk L which are coupled to these. The growth of these modes, which is due to the classical evolution of the inflaton field in the space-dependent potential of the step, may be treated classically. We will therefore quantize the action without the linear term, and consider the classical evolution of the modes with k = nk L separately. It will be convenient to use discrete modes in a box of volume V ,
where π = u ′ is the conjugate momentum of u and q(−k, τ) = q † (k, τ). The Hamiltonian for the modes in the absence of the linear term is then
This can be written in the form
where P and Q are column matrices with entries p(k, τ) and q(k, τ) labeled by k and M is a Hermitian matrix. The terms in Eq. (B-4) proportional to m 2 1 are due to the space dependence. Since these terms mix modes with different k, we cannot directly quantize the Hamiltonian by expanding u(x, τ) in terms of creation and annihilation operators with mode functions u k which satisfy the classical field equations. Instead, we first transform p and q to new canonical coordinates and momenta which allow the Hamiltonian to be expressed as a sum over uncoupled quadratic Hamiltonians for each k. To do this we 
Since we can choose k ′ along any direction, we can assume
This allows us to directly compare the quantum modes with the classical modes. The curvature perturbation due to the classical modes is then
Therefore the planar inhomogeneity in the direction k L will result in a curvature perturbation which is a sum of modes of wavenumber nk L , which will manifest itself as anisotropic density perturbations in planes normal to the k L direction.
To constrain the amplitude of the classical modes u cl n , we can interpret the observational constraint on P R as a constraint on < R 2 >. For the case of isotropic perturbations,
where k min and k max correspond to the largest and smallest scales observed in the CMB. Using the COBE normalized value, P 1/2 R (k) = 4.8 × 10 −5 (essentially independent of k for a near scale-invariant spectrum) and ln(k max /k min ) ≈ 10, we obtain < R 2 >= 10P R = 2.3 × 10 −8 .
(C-13)
Since the contribution from the classical modes is
we will therefore impose the conservative constraint
